High-speed multicolour photometry is presented for two pulsating subdwarf B stars, KPD 2109+4401 and HS 0039+4302. The observations were obtained using the high-speed multichannel photometer ULTRACAM on the 4.2-m William Herschel Telescope with a sampling interval of 1 and 4 s, respectively, for the two targets. Both targets show multiperiodic oscillations, generally considered to be due to p-mode pulsations. The frequency spectra are similar to those observed previously, although the amplitudes of some modes have altered. The observations are compared with theoretical multicolour light curves for non-radially oscillating extreme horizontal branch stars using the amplitude ratio method. The radial and spherical degrees n and l of all unambiguously identified frequencies have been determined. In general, n 3 and l 2, but both stars show one l = 4 mode. The spectra of frequency versus spherical degree are compared with models for evolved extended horizontal branch stars. These confirm that KPD 2109+4401 has a post-zero-age horizontal branch age of approximately 47 Myr and an envelope mass ∼0.0002 M . HS 0039+4302 lies on the upper edge of the horizontal branch and hence its envelope mass and age are less well determined spectroscopically. The pulsation properties suggest a more massive envelope and evolved structure. In both stars, the frequencies of the radial (l = 0) modes, if correctly identified, do not match the selected models well, suggesting that the density structure or opacity in the stellar envelopes may be incorrect.
I N T RO D U C T I O N
Since the discovery of non-radial pulsations in subdwarf B stars (Kilkenny et al. 1997) , much effort has been directed towards their exploitation as a diagnostic of stellar structure (Charpinet, Fontaine & Brassard 2000) . Primarily manifest as multiperiodic light variations with periods of 100-500 s (depending on the object), efforts have also been made to measure these pulsations in colour (Koen 1998) , radial velocity (Jeffery & Pollacco 2000; O'Toole et al. 2000) and linestrength (O'Toole et al. 2003) . The goals of such observations are to quantify the physical amplitude of the stellar oscillation, and hence, of necessity, to measure global stellar properties directly, and to identify the modes of the non-radial oscillation, whereby an exploration of the stellar interior can be more readily pursued.
After its frequency, the most interesting properties of a non-radial oscillation are the degrees of its radial, spherical and azimuthal components, represented by the number of nodes n, l and m, respectively. E-mail: csj@arm.ac.uk
Where the stellar disc cannot be resolved, these are manifest in the way the distribution of effective temperature and gravity across the visible hemisphere modifies the mean distribution (or colour) of flux, as well as other disc-averaged observables such as radial velocity. As the motion of the stellar surface due to different spherical harmonics is localized in different parts of the visible hemisphere, the observed amplitude of such variations depends upon the spherical harmonic and the inclination i of each of these to the observer. Generally, it is assumed that stellar rotation imposes some symmetry on the pulsational properties of the star so that the axes of pulsational symmetry are co-aligned with the rotation axis.
As a consequence, the most direct initial approach to the identification of non-radial modes should be to measure the variation in colour associated with each frequency. Koen (1998) made a preliminary study of colour variations in the pulsating subdwarf B star (sdBV) KPD 2109+4401 using the Stiening Photometer on the 2.1-m telescope at McDonald Observatory. He concluded that the pulsations may all be l = 1 and 2 modes. Falter et al. (2003) reported colour variations in a few modes of the multimode sdB star PG 1605+072, finding no evidence for phaseshifts at different wavelengths. Otherwise, most studies of light variations in stars of the 12th magnitude or fainter (the typical brightness for sdB stars) have relied on single-channel charge-coupled device (CCD) photometers working with relatively long readout times or with other limitations that make them impracticable for multicolour high-speed photometry.
Thus it was evident that the development of ULTRACAM (Dhillon et al., in preparation) as a high-speed multicolour photometer for the 4.2-m William Herschel Telescope (WHT) would provide a superb new tool for the study of pulsating sdB stars. This paper reports on ULTRACAM observations of two sdBVs obtained in 2002 September.
KPD 2109+4401 ( = V2203 Cyg) was discovered to be variable by Koen (1998) and independently by Billères et al. (1998) . It has demonstrated up to seven pulsation modes with periods clustered around 200 s ( f ∼ 5 mHz). With T eff = 31 800 ± 600 K and log g = 5.76 ± 0.05 (Heber, Reid & Werner 2000) , it is a typical sdBV star. Koen (1998) has already measured colour variations for this star, which has a V magnitude of V = 13.4, making it an excellent test for ULTRACAM. Jeffery & Pollacco (2000) have measured radial velocity amplitudes for at least two of the pulsation modes which, together with colorimetric data, provide a superb view of this pulsating star.
HS 0039+4302 ( = V429 And) is an sdB star discovered as part of the Hamburg-Schmidt QSO survey (Hagen et al. 1995) . It was found to be variable by Østensen et al. (2001) with periods also around 200 s ( f ∼ 5 mHz). With T eff = 32 400 ± 700 K, log g = 5.70 ± 0.10 and log n(He)/n(H) = −2.2 , it is very similar to KPD 2109+4401. However, with V = 15.5, it is a much more challenging target for asteroseismological study, and only feasible for telescopes of significant aperture.
O B S E RVAT I O N S
Observations were made with the William Herschel Telescope on 2002 September 19, 20 and 21, using the high-speed three-channel photometer ULTRACAM (Dhillon et al., in preparation) . Three Sloan filters u , g and r (Fukugita et al. 1996) were used in each of the three cameras. A summary of the observations is provided in Table 1 .
The ULTRACAM field was chosen to be large enough to include at least one comparison star, but small enough to keep the dead time to a minimum. The field was thus 360 × 380 pixel 2 , corresponding to 1.8 × 1.9 arcmin 2 . The dead time between exposures, due to frame transfer, was 25 ms.
The exposure times were dictated largely by the need to avoid saturating any stellar image in any frame and partly by the need to sample the light curve at sufficiently high frequency. For KPD 2109+4401 (m V = 13.4) this meant t exp = 0.955 s, and for HS 0039+4302 (m V = 15.5) it meant t exp = 3.954 s. The fainter target was observed whilst at airmass 1.5 on two nights when conditions were good. KPD 2109+4401 was observed at the start of these two nights and throughout the third night, when conditions were less favourable. In all, nearly 153 000 usable science frames were recorded.
DATA R E D U C T I O N
All data frames were reduced using the ULTRACAM pipeline reduction software (Dhillon et al., in preparation) . Each frame contained the principal target and a number of other stars, at least one of which was comparable in brightness to the target. In the r and g channels two comparison stars were selected. Owing to the greater scarcity of blue stars, only one comparison was available for the u channel. For KPD 2109+4401, the comparison stars were GSC 03181−04407 (C, comparison) and GSC 03181−03987 (Ck, check). For HS 0039+4302, the comparison stars were GSC 02809−01245 (C) and an unidentified star (Ck) ∼ 0.5 arcmin northeast of HS 0039+4302. The log files produced by the pipeline software were processed to extract only the date and the counts for each star in each channel. The star counts were combined by ratio with the comparison star, the logarithm taken and multiplied by 2.5 to obtain a differential magnitude (V − C) in each channel. Differential magnitudes were also formed for the check star (Ck − C) in the r and g channels.
All differential magnitudes from the individual ULTRACAM runs were merged into two data sets, one for each target. The data were cleaned using a three-stage process. In the first step, serious outliers lying more than ±0.1 mag from the mean value of the data were removed. This limit was relaxed to more than ±0.15 mag for the u data for HS 0039+4302. This stage removed 0.06 per cent of the data for KPD 2109+4401 and 0.47 per cent for HS 0039+4302, respectively. Such data may be attributed to rapid changes in transparency or seeing. In the second step, a high-pass filter was constructed by applying a Gaussian smoothing filter with a full width at half-maximum (FWHM) of 0.023 d (about half an hour). The data were divided by this function to remove long-term trends, including changes in differential atmospheric extinction through the night. The mean value of the filtered data was subtracted to give a mean of zero in each channel. Because of these long-term trends, the first cleaning step could not remove all serious outliers, so a third step involved removing points more than ±0.05 mag from the new mean. Again, this limit was relaxed to more than ±0.06 mag for the u and g data for KPD 2109+4401 and to more than ±0.10 mag for the u data for HS 0039+4401. These limits were substantially more than 3σ in all cases. This step removed a further 0.09 per cent (KPD 2109+4401) and 0.25 per cent (HS 0039+4302) of the data for each star. The final ensemble of data for analysis comprised 36 252, 36 261 and 36 309 observations for KPD 2109+4401 and 14 550, 14 620 and 14 602 observations for HS 0039+4302, in u , g and r , respectively.
Thus for each principal target, differential light curves of the form (V − C) in each of u , g and r have been constructed. Differential light curves for the check star (Ck − C) in each of g and r have also been constructed. Parts of these light curves are illustrated in Figs 1 and 2. The short gaps visible in both data sets were due to cloud.
Relative colour variations were also established by forming the differences g − r and u − g and, for the check star, g − r . These have not been analysed in detail here. 
F R E Q U E N C Y A NA LY S I S
The frequency analysis presented here assumes that the variations seen in the data comprise a multiperiodic sinusoidal oscillation. In order to identify the principal components in this oscillation, the discrete Fourier transform (DFT, Deeming 1975) After selecting a number of frequencies from the DFT, a multiparameter solution was obtained using a gradient expansion algorithm Table 2 offset by −2 mmag (red online). The frequencies of the signals from Table 2 are marked by arrows (green online). The bottom row shows the same information but using the amplitude spectrum obtained following removal of the window function with the CLEAN algorithm. From left to right the columns show, successively, the analyses for u , g , and r . Koen (1998) . A provisional identification of each pulsation mode is also given. to compute a non-linear least-squares fit in which the frequency, amplitude and phase of each independent sinusoid are free parameters. The resulting fit was subtracted from the original data and the DFT of the residual light curve was inspected. This process was repeated for each of the light curves identified above. The multiparameter solutions would, on occasion, find inappropriate solutions in which one or more frequencies were considerably different from those provided as initial estimates. Such solutions would be rejected. A criterion for a good solution was that the inclusion or omission of any given frequency would not significantly affect the frequencies or amplitude of any stronger components of the solution. In addition, a frequency should be detected in at least two, if not all three, light curves, and should differ from the same signal in other light curves by less than the cycle d −1 alias. Finally, phaseshifts between signals of the same frequency detected in different light curves should be small ( 0.1 cycles). This last criterion is Table 3 . not a condition per se, but is a theoretical property of non-radial oscillations in sdB stars (Ramachandran, Jeffery & Townsend 2004) . The above procedure was followed for both programme stars, commencing with seven frequencies and amplitudes from table 1 of Koen (1998) Tables 2 and 3 , together with the phaseshifts between signals in different filters, the mean errors described below, and a provisional identification for the radial and spherical degrees of the associated non-radial oscillation to be discussed below.
An attempt was made to solve for all frequencies, amplitudes and phases simultaneously for all data sets, but a stable solution eluded computation. In addition, the above procedure was pursued by adding frequencies that persisted in the DFT of the residual light curve until it was judged that no further periodic content could be identified above that of the background noise. It was evident from this exercise that small-amplitude signals common to two or more light curves persist after pre-whitening, but do not satisfy the criteria described above.
For the record, additional signals with f ≈ 5.420, 4.702, 4.781, 9.505 and 9.562 mHz were identified in the DFTs of KPD 2109+4401 (two or three filters) and with f ≈ 5. 21, 4.948, 5.458, 7.778, 7.818 and 8.279 mHz in the DFTs of HS 0039+4302, all having amplitudes between 0.3 and 1.4 mmag. Although not flagged as significant, peaks are evident at f ∼ 4.8 and 9.5 mHz in the data of Koen (1998, fig. 5 ). It is suspected that some of these may be aliases and combination frequencies (or beats). However, sustained studies with high photometric sensitivity and good frequency resolution would yield valuable insight into the low-amplitude activity of these stars.
The gradient expansion algorithm supplies standard deviations in the fit solution from which may be derived the standard error in each coefficient (σ f , σ a and σ φ ). These are indicated in Tables 2 and 3 for each frequency by an average over all three filters.
The frequency analysis presented here provokes a number of general remarks.
First, the amplitudes of the oscillations are strongly wavelengthdependent, being generally strongest in the ultraviolet (UV). This is expected for non-radial oscillations in B stars, since temperature variations are the dominant cause of light variation, and these produce the largest flux changes in the UV.
Secondly, the relative amplitudes of principal frequencies have altered since the publication of previous analyses. It has already been established that the amplitudes of individual modes in non-radially oscillating sdB stars vary on time-scales of days, weeks or months (cf. Kilkenny et al. 1999 ). We note also that signals detected previously at 5.41269 mHz in KPD 2109+4401 (3.6 mmag, Koen 1998) and at 5.21 mHz in HS 0039+4302 (1.9 mmag, Østensen et al. 2001) were not detected in this analysis, possibly for the same reason.
Thirdly, the phase difference between the light variations in u , g and r is almost universally smaller than 0.1 cycles, the average being 0.004 and 0.009 cycles for each of KPD 2109+4401 and HS 0039+4302 respectively.
Fourthly, despite the limited coverage of the light curve, it is clear that the use of a large-aperture telescope has enabled the detection of smaller-amplitude oscillations than previously identified. The detection threshold is reduced to ∼0.3 mmag for KPD 2109+4401 and to ∼0.7 mmag for HS 0039+4302. This has significant implications for future asteroseismological studies.
Finally, some oscillations were rejected from the final solution because they were not detected at all wavelengths. This should be anticipated. A low-amplitude oscillation with equal amplitude at all wavelengths would be detected preferentially in r , where the signalto-noise ratio (S/N) is highest. On the other hand, an oscillation in which the amplitude at u substantially exceeded that at g and r might only be detected in u .
This analysis has identified the principal frequencies present in the light curve of two sdB stars at three wavelengths. The purpose of obtaining these data was to use the observed oscillations as a direct probe of the internal structure of these stars.
M O D E I D E N T I F I C AT I O N
The multiperiodic light variations in sdB stars are ascribed to an ensemble of non-radial oscillations, each mode of oscillation being characterized by the number of radial (n), spherical (l) and azimuthal (m) nodes. To carry out a quantitative analysis of stellar properties, it is necessary to identify, as far as possible, which oscillations correspond to which mode.
In terms of light variations, a key discriminant of the spherical degree l has been shown to be the ratio of the light amplitudes at different wavelengths (Heynderickx, Waelkens & Smeyers 1994) , represented here by a x /a u , where a x is the amplitude in filter x . These are shown as a function of wavelength in Fig. 7 for all frequencies where a could be measured in all three filters.
The amplitude of the oscillation is a function of wavelength because it reflects the response of the spectrum to changes in temperature, surface gravity and radius, projected over the visible hemisphere of the star. In the case of an early-type star, the variation at u dominates that at longer wavelengths primarily because of the effective temperature variation, which affects the overall flux. This is also in phase with the variation in surface gravity, which changes the Balmer decrement. Radius effects, which tend to be out of phase (by ∼π radians) with the temperature variation, are roughly independent of wavelength for stars of this temperature. The wavelength dependence of the amplitude ratio as a function of oscillation mode is more complicated, affected by the degree of cancellation across the surface (more for higher-degree modes) and by limb darkening, which reduces cancellation by concentrating light towards the disc centre.
It is noted that the amplitude ratio diagram for KPD 2109+4401 is similar to that previously derived from UBVR photometry (Fig. 7,  Koen 1998) ; the smaller spread in the new results may reflect the higher accuracy of the photometry. It is interesting that one of the smaller-amplitude modes in each star shows a r /a u much closer to unity than other modes (i.e. f = 5.084 mHz in KPD 2109+4401 and f = 5.552 mHz in HS 0039+4302). This feature of the f = 5.084 mHz frequency in KPD 2109+4401 was indicated in previous data (Koen 1998) .
The amplitude ratio has the benefits of being independent of inclination angle i, azimuthal degree m and pulsation amplitude, so that, in principle, it should be possible to determine l for each frequency by inspecting the amplitude ratio at several wavelengths (cf. Dupret et al. 2004, fig. 1 ). However, Ramachandran et al. (2004) have shown that, for hot subdwarfs with T eff 30 000 K, these amplitude ratios become almost indistinguishable for modes with l = 0, 1 and 2. Theoretical predictions for a x /a u for an appropriate model are also shown in Fig. 7 .
Fortunately additional constraints assist in the identification of pulsation modes. The amplitude ratio method does not distinguish azimuthal number m. The frequency shift between modes having the same n and l but a non-zero m value is ∼ mβ nl /P rot , where for p modes β nl ∼ 1 and P rot is the rotation period (ChristensenDalsgaard 1998, chapter 8). Hot subdwarfs are not, in general, observed to rotate with v sin i 10 km s −1 (Heber et al. 2000) , so, with R ∼ 0.1 R , frequency splitting is m × 20 µHz and difficult to resolve in the current observations. In the case when a smaller frequency separation is observed, the modes concerned have markedly different amplitude ratio characteristics. Therefore every observed oscillation must correspond to a unique pair of n and l values.
Secondly, it is clear from the observed frequencies that the radial order n of the oscillations is small. Assuming M ∼ 0.5 M for an sdB star, the dimensionless eigenvalues 2 = σ 2 R 3 /GM are generally less than 30 for the observed frequencies ( f = σ /2π). The corresponding eigenvalues for simple stellar models (cf. Cox 1980, table 17.2c ) suggest that such modes must, in general, have n 2. Furthermore, for a given l, oscillations corresponding to successive values of n follow a simple cadence so that, for example, the frequency of an n = 2 p mode must be higher than that of an n = 1 mode.
Ranking modes of similar frequency by values of a g /a u and a r /a u , we have assigned provisional n and l values such that no two frequencies have the same pair of n, l and so that modes with the same l have frequencies that increase with n (Tables 2 and  3 ). The following should be noted. (1) If additional frequencies apparent in the residual power spectrum had been included, there would have been too many modes with f ∼ 4 -6 mHz for the number of available n, l pairs with l < 3. (2) While our mode assignments are unique for the given data, a change in the adopted frequencies, or a small change in one or more amplitude ratio measurements, could lead to a slightly different result, the most likely being an exchange between l values. (3) The amplitude ratio diagnostics for one mode in each case is inconsistent with theoretical predictions for l = 0, . . . , 3. The only acceptable conclusion is that these modes correspond to l = 4, despite the large cancellations anticipated from such a high-degree mode (Fig. 7) . This last point is of significance in a debate over whether or not l > 2 modes can be observed in pulsating sdB stars (Charpinet et al. 2002) (Kawaler & Hostler 2004) ; the current data strongly suggest that l = 4 modes are indeed visible.
Further information is provided by calculations of adiabatic oscillations in evolved sdB stars (Charpinet et al. 2002) . By locating the programme stars on the evolutionary tracks for extended horizontal branch (EHB) stars (Fig. 8) , it is possible to estimate their hydrogen envelope masses and evolutionary ages. The corresponding spectrum of predicted frequencies for several modes (n = 0, . . . , 3, l = 0, . . . , 3) may then be compared with the observed frequencies (Fig. 9) .
KPD 2109+4401 lies roughly in the middle of the EHB (Fig. 8) , according to the analysis of Heber et al. (2000) , who adopted T eff = 31 800 ± 600 K and log g = 5.76 ± 0.05, and close to the evolutionary track for an EHB star with M core = 0.4758 M and M env = 0.0002 M . Its post-zero-age horizontal branch (post-ZAHB) age would be about 62 Myr. A comparison of the identified pulsation modes and frequencies with those from the nearest model (Charpinet et al. 2002 , sequence 2, model 7), is generally pleasing. However, the lowest frequencies in the model are too small. Model 5 (age 29 Myr) of the same evolutionary sequence is more consistent with T eff = 31 200 ± 725 K and log g = 5.84 ± 0.16 given earlier by Saffer et al. (1994) , but its fundamental frequencies are too high. The best fit is achieved with model 6, T eff = 31 254 K, log g = 5.78, age = 47 Myr, approximately mid-way between the spectroscopic values cited already. It is closer to the spectroscopic result obtained using a local thermodynamic equilibrium (LTE) model with solar metallicity, T eff = 31 200 K, log g = 5.77 (Heber et al. 2000) , giving support to the idea that LTE models are quite appropriate for these stars and to the fact that, despite the low surface abundances of light elements, the overall metallicity of the outer layers of the star is normal, as supported by diffusion calculations (Charpinet et al. 1997) . Thus the pulsation properties provide an independent and strong constraint on the overall properties of KPD 2109+4401. The comparisons with models 6 and 7 are shown in Fig. 9 . The l values of identified non-radial modes are plotted against the observed frequency (solid symbols). These are compared with theoretical values from the closest fitting models for evolved extreme horizontal branch stars (Charpinet et al. 2002, open symbols, see text) . The top pair of panels refers to KPD 2109+4401, the bottom pair to HS 0039+4302. HS 0039+4302 lies near the upper edge of the EHB. Consequently M env and age are more difficult to determine uniquely. For example, models with M core = 0.4758 M , M env = 0.0002 M and post-ZAHB age 92 Myr (Charpinet et al. 2002 , sequence 2, model 11) and with M core = 0.4690 M , M env = 0.0007 M and age 109 Myr (sequence 3, model 17) are both close matches in Fig. 8 , and their fundamental modes have similar frequencies. However, because their internal structures differ substantially, the spectrum of eigenfrequencies for higher-order modes is different in each case. Neither is a particularly good match with the observations, although the more evolved star with the more massive envelope is qualitatively better. Again, it is the frequencies of the l = 0 modes that present the greatest problems.
In the future, it is intended to search for best-fitting stellar models more systematically. Optimization in a grid of published models (Charpinet et al. 2002) would be one approach, but the grids are sparse and omit the frequencies of l = 4 modes. A more general parameter search would be preferred. On the other hand, the provisional mode identifications appear to be consistent with the theoretical models and other observables, and have been demonstrated to be a useful probe of the internal structure of the star. If the l = 0 modes have indeed been correctly identified, the question of frequency spacing addresses directly the location of the radial nodes and hence the density stratification in the stellar envelope.
It will also be interesting to consider how these results may be combined with high-speed measurements of radial velocity. These have already been obtained for KPD 2109+4401 (Jeffery & Pollacco 2000) . With light, colour and velocity amplitudes, variants of the Wesselink method for the direct measurement of stellar radii in non-radially oscillating stars become available (Balona & Stobie 1979) . It seems that prospects for obtaining direct information on the overall dimensions and internal structure of subdwarf B stars are within the grasp of high time-resolution astronomy.
C O N C L U S I O N
The combination of the William Herschel Telescope and ULTRA-CAM has proven itself to be ideally matched to the measurement of multicolour light curves for the short-period pulsating subdwarf B stars, or EC 14026 variables. Limited only by the time allocated on the telescope, which has a corresponding impact on frequency resolution, the light curves of two stars have been decomposed to give frequencies, amplitudes and phases for at least six simultaneous oscillations with an accuracy better than ±1 mmag in amplitude. These results represent a modest improvement over a previous measurement (Koen 1998 ) of KPD 2109+4401, significantly improving the accuracy of the amplitude ratios, and a massive improvement over the discovery observations of HS 0039+4302 (Østensen et al. 2001) , doubling the number of detected frequencies.
Using the amplitude ratio method, coupled with models of light variations in non-radial oscillating extreme horizontal branch stars, the radial and spherical degrees (n and l) of all oscillations measured with confidence have been provisionally identified. Primarily of low degree (n 2, l 2), one l = 4 mode has been identified in each target. Comparisons of the l-dependent frequency spectrum with those obtained from evolutionary models of extended horizontal branch stars (Charpinet et al. 2002) show that the pulsation properties are roughly consistent with the surface properties (T eff , log g). They confirm that KPD 2109+4401 has evolved about halfway across the extended horizontal branch with an envelope mass of ∼0.0002 M , and that HS 0039+4302 is approaching the end of its horizontal branch evolution. In the first case, the pulsation properties constrain the stellar radius more strongly than the spectroscopic properties. In both cases, the power of non-radial pulsations as a probe of internal structure has been demonstrated. In particular, the frequency spectrum of purely radial modes (l = 0), if correctly identified, does not agree well with the theory.
The major limitation to this study was the frequency resolution (which varies as 1/t) imposed by the temporal window. With improved frequency resolution, the lower limit for the detection of oscillations would be substantially reduced, and remaining ambiguities in the identification of l could be removed. This should preferably be achieved by means of high-speed photometry over up to two weeks on 4-m class telescopes (or longer on 2-m class telescopes), from enough sites to achieve at least a 70 per cent duty cycle, of which at least one site should be capable of the high-speed multicolour photometry described here. Comparable high-speed spectroscopy should also be obtained in order to provide a unique view of the subdwarf B stars.
